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ON  THE  PLEONASMS  IN  THE  GENERAL  SOLUTION  OF  EQUILIBRIUM 
EQUATIONS  OF  AN  ANISOTROPIC  BODY  IN  DISPLACEMENT 

By 

E.  N.  Baida 


If  the  system  of  differential  equilibrium  equations  in  displace¬ 
ments  of  an  anisotropic  body  during  the  absence  of  volumetric  forces  is 
written  in  the  £orm  of  an  operators 


D\u  4-  Dtv +  D3w  =  0, 

DiU  -+■  Dtt)  -f-  Dt,w  *=  0, 

Did  4-  Dtv  4-  D» w  =  0; 


t '  •.  - 


0) 


then  it  is  easy  to  find  a  solution  to  this  system  in  the  form  of: 


«  =  ! 


v  = 


DtD t 
DtDt 
DtD< 

DtDj 

D<DS 

D7Dt 


*i  + 

«>,+ 


D*Dj  I 

DtD» 

DtDs 

DjDt 

DaD\ 

D»D7 


®,4- 

<t>,4- 


Di.D% 
DtD , 
DtDx 
D.D4 
D\Dt 
DADt 


•i. 


:  (2) 


where 


DiDtDt  I 

DtDtDt  =  °- 

D7D»D»  I 


(3) 


The  solutions  (2)  and  (3)  may  be  considered  as  being  analogous 
to  the  Bussine8k  -  Galerkin  solution. 


The  presence  of  pleonasms  in  Bussinesk  -  Galerkin  solutions  were 
noticed  for  the  first  time  by  P.  F.  Papkcrvich.  A  more  detailed  ex¬ 
amination  of  the  questions  dealing  with  pleonasms  in  the  Bussinesk- 
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Galerkin  solutions  is  listed  in  the  work  of  A.  S.  Maliev  . 
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I  :  ✓ 


Applicable  to  the  solution  of  (2)  and  (3)  a  certain  result  is  given 
below  which  enables  us  to  find  all  those  elements  of  functions  $,•  a(3, 

the  calculation  of  which  does  not  alter  the  displacement  vector. 

Based  on  this  result  it  is  possible,  for  example , to  reduce  the  number 
of  the  utilized  functions  to  one  for  solving  equations 

(2)  and  (3). 

Let  us  begin  by  substantiating  the  result.  For  this  purpose 
we  initially  transform  expressions  (1),  (2),  (3). 

The  system  of  equations  (l)  is  rewritten  with  other  symbols 
of  differential  operators  and  obtains: 

Dx,\u  + Dy.xV  +  DM.iW-O, 

Dxau  4-  Dy.jv  +  D,.j w  =  0. 

D*,i  u  +  Dy *  v  +  D,ti  w  =  0.  J 


In  these  equations  the  linear  differential  operators  with 
constant  coefficients  appear 

as: 

.'at,.#..#.*.  .  a  .  d'lnv.  _ . 

‘“3^7’ 


dxdy 


Av.>( 


d*.i(  )  =  A ,*  —  +4 „  £  +A„  £ + 


4  (Au  +  Au)~  +(^.44)“ 

cP 


& 


DxA  )-^«  £+>$+>•£+■ 


+  (An  +  Au)  jjfc  +(^«  +  *n)  dxdy  +  +  *u)  ixdt 


m  )=*»h+A''j*+A“h +iM“  38 


&» 


dydt  *  dxdy  dxdz 
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By  inserting  the  significance  of  vector  projections  into  the 

indicated  operators,  the  equations  system  (U)  will  be  presented  in 

this  manner:  _  _  - 

DXV  =  0, 

DyV=0,  (5) 

D,<V  =  0,  ,  ' 

in  which 

Dx  =  l-  Dx,  i  +J  •  k  • 

Q y  —  l  '  Dx,1  +  j  Dy,1  +  k  Dt, 2  , 

Dt  —  i  D.t*  +  J  Dyfi  -4-  k  D,.s 

are  indicated. 

If  the  left  parts  of  each  equation  of  the  system  (J>)  are  correspond¬ 
ingly  multiplied  by  <>  />  *  ,  and  the  results  suramated,  then  the 

transcript  of  the  equation  system  (J>)  can  be  mitten  in  the  form 
of  a  parity  vector 

i  •  (5,.  V)  +7- (d> •  V)  +  *  •  (Dy  v)  =  0.  ,  ,  (7) 


3 


Taking  into  consideration  the  new  symbols,  we  rewrite  the 
solution  of  (2)  and  (3)  ass 

V  «  (By  X  3,)  *,+  (D,  XD,)  ‘l*y  +  (3,  X  3  y)  . 

[Dx'  (i>yXD«)]  *»<>.. 

where 

«I>  =  i  +  y'4>y  4-  k  .  1  00) 

Symbols  <h/_u.3  in  egressions  (8)  and  (10)  are  accord¬ 
ingly  changed  to  4>,.y,x.  . 

Considering  that 

Dx-  (d,x3J.  0,  D,-{DxXD>)**  o. 

Dx  ■  (dx  X  Dy)  m  0,  D«‘(OyX^«)"°*- 

3,-  (2>,x3,)  =  o,  o,'(d.xd>o 

and  using  the  possibility  of  circular  permutation  for  a  mixed  product 
of  vector  -  operators,  it  is  easy  to  verify  the  solution  of  the 
equation  (7)  by  (8)  and  (9). 

Before  we  begin  to  analyze  the  elements  superfluous  from  the 
viewpoint  of  general  solutions  (8)  and  (9),  let  us  investigate  the 
differential  operators  with  constant  coefficients  appearing  as: 


(8) 

(9) 


Dt(  )*=  ^  A‘,k~ 

<+/+*=« 

D,(  )=  2 

4 

/.+>!+*!  38  * 


a* 

dJ'dyi'di*' 


(ii) 


i 


Let  us  assume  for  determination  that  all  AlJk  and  + 


U 


Let  us  prove  that,  vith  certain  limitations  imposed  on  operators  (  ) 

and  D2(  )  >  a  partial  solution  of  the  equation  exists: 

D,/  =  <P  *;  .(12) 

in  the  form  f  —  ft,  '  where 

.iVo-0,  •  ,  .  (l3) 

if  <p  is  any  given  function  from 

Dj<p-0.  .  ,  (14) 

Let  us  seek  the  solution  in  a  series  of  functions  presented  by  means 

! 

of  a  finite  sum  of  homogeneous  polynomials.  Assuming 

/i  +  m 

/.=  s  . 

and  * 

Here  /. 

Functions  <os  and  fg  ,  are  presented  by  means  of  the 
homogeneous  polynomials  in  series  s  and  ,  in  this  manner: 

* 

■’  05) 

and 

06) 

It  is  necessary  that  p  and  f  should  satisfy  Dnf  ■  <p  and 

s  s  l  si  s 

M  )  -  o. 

let  us  take  sj_  ■  s  +  m,. 

We  substitute  (15)  and  (l6)  into  (12)  and  consider  (ll). 
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Then  »,+«1+»5l«:i+«  i+j+kum 

x  x,  <*,  - 1  > . . .  (x,  -  j  + 1 ) .  *w = 

•  =  E  a-«; *’)'**’•  ;  ••  (17-i 

v+a+r«-.i 

The  left  and  right  sides  of  parity  (17)  represent  homogeneous 
polynomials  of  series  8  .  it  can  easily  he  seen,  that  each 

•‘T2’1  on  the  right  side  of  parity  (17)  corresponds  to  such 


(18) 


on  the  left  side,  in  which 
v,-i  =  v,  | 

Til  -  A -•*.  I 

Considering  (l8),  parity  (17)  will  be  rewritten  differently: 

E  -  S  ^y*(v  +  0.--(v+ 1)  (*+;)•••  («+>)(Ti+*)  ---(tl+l)X 

vv  /,!  . JCvV*2,»  =:  V  a1  JC'V**1*.  (19) 

... 

Parity  (19)  may  be  satisfied  by  accepting: 

E  'W»  +  0..  (*-HH*+y)... (*+i) (*!+*)•  ••£?+r))..x  . 

/+/+*-*»  ,  ,  (20) 

X  +/).(»}■►*>  =  a«v 


(*+/)»  (*-W)Ki  +  *)i 


(21) 


(22) 


Here  Y  +  X  +  ’l^5- 
Let  us  assume  that  (» +/)#(i+*) 

and 

a'  =  -fill.  , 

”T‘  vtxli)! 

Taking  into  consideration  (2l)  and  (22),  parity  (20)  is  rewritten 
8,8  *  V  AlJkbt*+l)t  (»+/),  (ij+A)  = 


where  y+x  +  »,»,s. 


Analogously  from  (13)  and  (l4)  it  follows,  that: 


A 
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’■i+yi+Ai* 


(24) 


where 


Y-*  +  X»  +  >1#  **  *  “ 1  +  m 


and 


^  (‘i+ai*  (ii+w 


(25) 


where  YJ  +  X3+  ns  —  s  ~l-  ■ 


We  will  seek  a  solution  of  the  system  of  finite-difference  equations 
(23)  and  (2k) .  Since  function  <p  is  defined,  then  all 
can  "be  considered  as  known. 

Let  us  express  the  coefficients  0lyxn  as  follows : 


By  means  of 


a.../ 


# 

dx'dy'dz' 


Bioti ' 


dl9s  _ 
dx‘  _ 


— 'fc  X 


^ts _ 

dxhdyt'dJ' 


t  is  possible  in  (26)  to  exclude  the  differentiation  in  respect 
to  x  of  an  order  higher  than  1 

In  this  manner,  only  those  coefficients  can  he  Independent  from 

a  number  of  anv  ,  in  which  Y  =  0,  1 ,  2. . .  (/ _ 1 ) .  •  *n 

essence,  these  coefficients  are: 
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rt00A- 

aoi(f-i) 

s 


<U\  (j-2)  . 
<*12  U-3) 


a(/-i)  i  (/-o 


$+1  »  | 

Their  general 
number  equals 

Qs-l+3)  i 

■9  -  '  *  l  4 

2 


«-/+ 2. 


The  independent  coefficients  are  presented  as  follows: 

a*, = + cPpm+  ...  +  dS.  K+n:+. , 

where  x  tj  =  s; 

aun  s  Ci%?  +  ci%5  + . . .  +  ci%2 , 
where  x  -i-  tj  =  s  —  1  (27) 

fltf-iH  =  Ci,*‘,)piyil  +  C£#  1)35t2  4  ...  4-  Ci- /+?  (£-/  fjL  /+2  , 
where  x  +  t)  =  s  —  /  +  1 . 

Ci0)«  CM  4  Cj#2  +  . . .  4  C\,i , 

C\*  s=  Ci,i  •  ai,i  4  Ci.2  •  »i.2  +  • .  .+Cj,r 

ss  Ci#i  ^m1  4*  Cm  *  +  .  •  .  +  Cj ,*  *  a!,/1, 


CjP  =  C,.,  4  C^a  4  . . .  4  CP,t%  ■ 

Cp]  =T.  c^,t  ♦  *P'\  4  Cp,2  •  Zp;i  4  ...  4  Cpj  •.  */>.(♦ 


Cpt\  •  *£,Y  4  CpJ  •  ®p,2  +  .  •  *  *4“  ^#.1  *  %p*l  » 

. . . .  *j 
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where  p  <  1,  2. . .  (s  —  /  +  2). 

Analogously  with  p  >  s  —  l  -f  2  it  is  necessary  to  adopt 

Cj-/+3  =  C{,-/+ 3),j  -f*  Q*-/+3),?+  ...  4*  + 

Ctlt+a  =  C(*-/+au  •  &(*->/+ s), t  4-  Cw-i+3),a  X 
l  _  1  I  X  «(*-/  +  3),J  +  .  .  .  4*  C(s~Hr 3).l  *  «<J~/+3)./, 


CiL/+s  —  C(*_/+3),l  *0^i/+3),i  4-C(i«i+3),2*0<<fl3/+»)t3* 
i  /■*  -/-a 


,+  ... 


+  C(«-i+3).f  •  cfc?i+3M ; 


2  j  **  Cf.t  +  *  *  *  4“  Cf.ii 


Ci°  =  C*(i  *  a,.i  4-  C,,2  •  a,, j  4-  . .  *  4*  Cs,t  •  a#./; 
Cft«  =  Q*+i).i  4-  C(*+i),?  4- ...  4-  C(/+d,/  . 


(29) 


Expressions 


&pA*  rp»  Kp» 

ap.v*  Pp*  7p* 


(30) 


1  «P,I.  Ppl  Ip 

represent  1  solution  of  the  characteristic  equation  of  operator  ^ 
Here  8  and  y  are  so  selected  that  among  the  ratios 

**  Jr 

•Itl  "v  (31) 

Ip  |/>»1,?,3...<*+1)  * 

none  axe  alike.  The  below  assumed,  limitation  concerning  absence 
of  multiple  roots  among  •  •  */>./  is  not  compulsory 

and  can  be  removed  by  altering  the  form  of  expressions  (28),  (29). 

If,  for  example,  during  concrete  value  P  it  is  found  that  **1  =  «Ptj, 

then  in  (28) ,  (29) ,  instead  of  cf3, Cp,-  ■  a,.,, CpA ;  . . C,.r«& 

the  following  should  be  respectively  taken  0.  CPA- %pA,  CpA-2oipA, 

Cp,v  (/  — 1)«Jm  .• 

The  unknown  coefficient 
where 


Cj?’. 


p—  1,2...  (s+1), 

<r  —  0, !...(/— 1). 


9 


can  "be  determined  by  means  of  solving  of  algebraic  systems 

(27)>  the  consistency  of  which  is  easily  established  by  the  fact 
that  the  determinants  are  irreversible  to  zero: 


■t 

for4 

for4 . .  . 

•  *  Pn-l-ffl  +  l-? 

for4' 

‘for*-'  . . 

(/-l) 

•  2s* 
! 

afo'  4_a . . 

?r4i? 

r47?. . . 

•  fr+i-fii+i  -  q  * 

Actually, by  presenting  (32)  in  the  form  of 


Af  ~  ft-*  * 

V  =  0,1,2...  (/—I) 


(«  ft; 
(tr -ft) 

| .  .  .  . 

1 

. . .  . 

/  ^+i-a  \ 
ts+l-g  j 

2 

ft 

(- 

r’-'-'i 

1 **+».-« ) 

1 

(33) 


and  considering  that  the  determinants  entering  into  (33)  are 
Vandermonde  type  determinants,  allowing  \  to  be  expressed 


in  the  form: 


\ 


(nHJnft 


-q)  Pt>Pt 

Pi .  /»,=  1.2  . 


(j+1  -  q) 


we  note  that,  with  realization  of  (3l),  \  fo0*_ 

The  existence  of  solutions  of  the  algebraic  systems  of  equations 
(28)  relative  to  £/>■'  is  analogously  proven: 
where  p  «-T,  2. . .'  (i—  l  -f2) , 
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and  of  systems  (29)  relative  to  Cp,f, 

vhere  P  —  (s— /  +  3),  (s  —  /  +  4). ..  (s-f-  1), 

r  =  1,  2. . .  /. 

Morever,  for  algebraic  systems  (29)  the  solutions  are  not  univalent, 
due  to  incompleteness  of  systems  (29).  The  consistency  of  systems 
(28)  and  (29)  is  evident. 

Now,  the  given  coefficients  *y  ^  •  are  presented  in  this  form: 


..  ,<i+l)  r. 


I 

tl.2... 


Cp,r*p%r%"ip, 


where 

Here 


Y  +  X  +  r\?*s. 


Cp, 


r«U, 

P‘ *1.2 . 


I 

<1+0, 


are  determined  from  the  correlations 


(27)  >  (28),  (29).  It  is  easily  seen  that  (34)  does  not  contra¬ 
dict  (27),  (28),  (29) ,  and  consequently  (30)  solves  the  finite- 
difference  equation  (25). 

Lets  seek  solutions  of  (23),  (24)  in  the  form: 


V,.-  2  2  ,  t35) 

P= U...W+1)  r*i,2 . . .  / 

where  "yi  +  Xi  +  »|i  — =  . 

Selection  of  in  form  (35)  allows  satisfaction  of  condition 

(24)  with  Ep.r-  ■ 

Lets  substitute  (35)  into  (23),  considering  (18).  Then 


■  £  4»(  S 

^«1,2 .  A(i+1) 

-  s 


p»M...(l+l) 


2 

1,2  » .  /  .  •  »■*...• 

/■el.2..  .  I  * 


(36)' 
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Transforming  (36)  in  the  form  of: 


2  s  E^-<srv«.  •• 

psl.2  . .  (j  +  1)  f=l,2,./  ' 

•  ,  =  S’,  S 


.  ••  /»*!,?  • .  (l+l)  l*  1**  .  .  / 

In  the  parity  (37)  we  assume: 


(37) 


or 


2  A,lkEP.r  V+X+Jtfk= 

l+J+*WM  ) 

Ep,r  *  ^(/*  *  aA'P/'T*  =  *  aps$ptp  • 


(38) 


Solving  (38)  relative  to  we  get: 


Eptr  — 


t+J+h*m 


where 


P-1,2... (*+l),. 
r=>l,2.../. 


Lets  restrict  operators  j  and  Dg  (  )  "to  the  condition 

Co)  of  possibility  of  such  selection  for  each  p  *p'r’  ^|cu...i 

by  compliance  with  (31) ,  during  which 

.  .(39) 


t+J+k—n 


where  r=  1,2.../; 


I  Bum,  =  0. 


where  '=1.2...  1. 

The  left  sides  of  the  written-  expressions  are  the  characteristic 
forms  of  the  operators  D^(  )  and  Dg(  ) 
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Thus,  coefficients  ,  being  restricted  on  account  of 

(39) >  are  easily  determined,  satisfying  all  set  conditions;  that 

is,  expressions  (23)  and  (24).  remain  the  undetermined 

coefficients  for  which  Y<  +  %4  +  T)«  <  m  .  These  coefficients 

can  be  considered  as  arbitrary. 

We  write  down  the  final  solution  of  the  given  problem: 

/!  +  « 

ft)  =  f*  l» 

*  /,«0 

where 

f.  =  V 
+  + 

It  is  easy  to  see  that,  for  the  realization  of  condition  [qJ, 
it  is  necessary  that  the  characteristic  forms  of  the  operators 

(  )  and  Dg  (  )  should  not  be  decomposed  by  the  factors,  different 

from  the  constant,  among  which  is  the  common  factor. 

Lets  return  to  the  examination  of  the  basic  question,  concerning 
the  pleonasms  in  the  general  solution  (8) ,  (9) ,  indicated  at  the 
beginning  of  this  chapter.  From  equation 

(d,  X  Ar)  +  ( D,  X  Dx)  +  ( D x  x  Ay )  <|>,  =  0  (40) 

we  will  try  to  determine  the  components  of  a  certain  vector  .  \jj. 

It  is  possible  to  represent  the  vector  of  the  volumetric  force 
F  in  the  form  of 


=  v)-k{D,'  v) 
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which  allows  finding  a  general  solution  to  (40)  in  the  form 

* 

'i  =  i(D.v.5)+y(or5)  +  *(D,4).  (4i) 

Substituting  (4l)  into  (40)  and  performing  a  transformation,  we 
should  finally  obtain  an  equation  which  would  be  satisfied  by  the 
components  of  vector  6  . 

This  equation  is: 

[A*  *  &  X  £>,)]  (6,  +.  0 i,  +  0,)  =-.0,  ' :  •  (42) 


The  vector  ^  ,  obtained  in  this  manner ,  as  can  be  easily  seen, 
may  be  added  to  vector  jj>.>  in  solving  (8)  without  altering  the 
displacement  vector  V  • 

By  this ,  the  vector  (5>  +  0  )  ,  as  vector  ,  in  accordance 

with  (9),  (kl),  (42),  does  not  necessarily  have  to  satisfy  the 


correlation:  —  S1 

!z>,.(d,xd.)](  )  =  o. 


(43) 


We  will  show  that, without  losing  generality  in  solving  (8),  (9), 
it  is  sufficient  to  retain  one  function,  for  example,  ^ 

From  equation  (to)  it  follows,  that 

6x  —  -  6y  —  6*  + 

where  <p  is  any  function,  satisfying  expression  (43). 

In  parity  (44)  it  may  be  presumed  that  9y  and  0Z  are  the 
arbitrary  functions  of  their  arguments  x,  y,  z. 


Considering  that 


with  the  aid  of 


we  will  try  to  dispose  of  functions 
0  and  0  in  such  a  manner  that 

V  Z 

=  -  'V  1  '  (45) 

In  accordance  with  (6),  (4l),  (44),  correlation  (45)  is  rewritten 
in  a  more  explicit  form  as: 

Oy-f  Dx.if  =  (Djcj—  Dfli)Qy  +  (£*.*  —  ^*.0®/.  | 

<!>,  -f  £)j,3?  =  (Dj.3  “  D,,3)8v  +  (Dxt3  —  Di,3)  V  J 

We  introduce  the  designation: 

<t>y  +  Dxn  <p  =  4'i, 

«1>,  +  At. n?  = 

We  consolidate  function  <p  .  Then  3^.,  5>z  may  "be  considered 
as  known  functions. 

The  quotient  solution  (46)  we  will  find  in  such  a  form: 


8y  —  (Dx,»  —  Dt,  3)  “y  —  (D,.,  —  Di.t)  «>x,  | 

8X  =  (D,,j  —  75  ,,2)  »x  —  (Ojr.i  —  ^y,a)  *,  •  I 

Here  are  determined  from  the  equation 

where  4  u>yj  —  ‘Iyx ,  | 

[5,- (5,x^)l<*=o. . )  . 

The  operator  L(  )  has  the  following  form: 


(47) 


(z>yXa»)  - (/+}  |-*)(  )*'\(D,a  -  Dya) (D,»-D,A)~  . 

—  (Dx.j  —  Dt,i)(D.t,»  —  Dy,»)\(  ).  (4!)) 


If  operators  (43)  and  (49)  satisfy  condition  ,  then  it  is 
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permissible  to  seek  solution  (1(6)  in  a  set  of  functions 

.Jd,..(d,Xd,)K,  =  o. 

Taking  in  consideration  condition  [or  •  [Dy  X  £1)]“*'./  =  0 
and  egression  (47);  it  may  be  easily  shown  that  function 

'\.x  —  Dx,\  (—  by  -f-  ? )  +  Dy. |6y  -l-  (50) 

satisfies  correlation  _ 

\d.x  •  (Dy  X  D,)j  (  )  =  °- 

We  finally  arrive  at  the  following  result: 


where  _  v  f  (*>* +  .  ' 

[dx  •  [Dy  X  Di)](4*,+'i>jr)  =0. 

In  this  solution,  functions  cf>  _  are 
a  special  selection  of  ♦ 

Function  16  ,  determined  by  formula  (50),  may  assume  different 

values,  depending  on  the  selection  of  function  <p  ,  due  to  which 
solution  of  (51)  is  not  entirely  free  of  pleonasms  •  If  <j»  = 

is  indicated,  then  the  solution  of  (51)  will  be  finally  rewritten  as: 


(51) 

abolished  by  means  of 


where 


V  =  ft  yXD,)tfx, 

[d,  •  (2),  X,D,)]  = 


Under  other  limitations  applied  to  the  differential  operators,  the 
remaining  variants  of  solutions  can  also  be  obtained: 

V=(D.XDx)*°y, 

V={BxXD,)<Sfi, 

where  and  satisfy  correlation  (43) . 


l6 
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